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[σ → τ ] ≡ [σ] → [τ ] ≡ {e|∀a ∈ [σ].(ea) ∈ [τ ]} = ∩a∈[σ]{e|(ea) ∈ [τ ]}
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[+dT[PQ?ULP[hd^[NH$Ui9LPAO[NJPAOgLPUVRTia+uwRT[LP=?UJ'gRsSSVAOgLPUVRTi·LNR6[NAe?[NAOJPAi9L¨LP=?AgSVRsJPAOftJPALhJ
RT\JRs@bALPRTe;RTSVRT}sHRTi
Λ
;U¥L`[NAOW9X?UV[NAOJdTSVJPR
V (I) ∪ V (J)
LPR%Q|AUVfKAOi9LPUNMwAOf4ULP=JPRT@A
V (K
±|=wA[NA
K
UVJ
JPRT@AJPALRT@Rsi?RT@Ud^SJfKAe;Aiwf?Ui?}%RTi
I
d^i|f
J
¤H6fKAMwi?ULPUVRTia|A+@XwJML=|d³TA
K ⊆ I ∩ J
¤XKLO;JUViwgA
e ∈ V (I)∪V (J)
U
e ∈ V (I)
RT[
e ∈ V (J)
9LN=?A[NA`UJi?Rd³HLNR(Mwi|f%JPXwgh=%d
K
U¥A¨JLNd³HRsiRTX?[2§RT[N@A[
gRTSVSAYgLNURsi6RT&@RTi?Rs@UVdTSVJOnµ e|R9JPJPUQwSA+d^ewe?[PR9dTgh=6RsX?SVf6Q;A'LPRdTJNJPA[PLdbe?[NURs[PUlLN=?A+gRsSSVAOgLPUVRTi$R^
V ({M})LNR§RT[N@ LP=?A  
	hK RTAOSAO@Ai9LNdT[PH$gSVRsJPAOf·JPX?QwJPALNJ§RT[`LP=?ALPRTe;RTSVRT}sH%Ad^[NASVRIRTIUiw}d^=?AYdTf®°²JPAA D yYqKI
§Rs[Aª?d^@e?SVAY±\µiIHId³Hs9LP=?UJfKRIAOJiwR^Le?[NRpIUVfKA'dgRsiwg[NALNA'gRTiwJLP[NXwgLPUVRTi§Rs[
K

_AL2X|J\UViwJMLNAOdsfAªILPAOiwfbLP=wA`@RTi?Rs@UVdTS|fKAMwi?ULPUVRTiULP=%d+iwA RTe;A[hdpLNURsi
M1 ∗M2
d^iwfdi?A JPHI@Q;RTS
1
Ui¦JX|gh=dd³H6RsX?[@bRsi?RT@Ud^SJ`iwRp §Rs[P@Fd°§@X?S¥LNUewSUgd^LPUVTAgRT@@X?LNdpLNUsA@RTiwRTUf4§RT[¨LP=?A
∗
Sd³+  A
Lhd^sA
K
LPRQ;A+LN=?AJPAL`RTndTSS&@RTi?Rs@bUd^SJ
MI ∗ MJ , whereMI ∈ I
dTiwf
MJ ∈ J
;J=wRT[PLPAiwAOf
K = I ∗ J

<=wAi
V (I)∪V (J) ⊆ V (I ∩J)
2BIUViwgA
I ∗J ⊆ I ∩J
IA`}TAL
V (I ∩J) ⊆ V (I ∗J)
 
e 6∈ V (I)∪V (J)

LN=?A[NA`AªKUVJLNJ
MI
d^iwf
MJ
JX|gh=LP=wd^L
MI(e) 6∈ π
d^i|f
MJ(e) 6∈ π
i9LP[NRKfKXwgA`LP=?ARTe;A[hdpLNURsi
∗
RsiLNA[N@JdsJ
ASVSlLPRs}TALP=?AO[ULP=6LP=wAgRTi|JMLhd^i9L
1
dTiwf%SVAL
E ⊇ Λ
§Rs[LN=?A+[NAOJPX?S¥LNUiw}bJPALY\_aALXwJdsJPJPX?@A
π
JNdpLPUJ MwAOJLP=wA
ew[PRse|AO[LMH
(π prime) ∀a, b.a ∗ b ∈ π
U@e?SVUVAOJ
a ∈ π
RT[
b ∈ π
`iwfKAO[LP=?UJdTJNJXw@be?LPUVRTiaKA¨}sAL
MI(e) ∗MJ(e) 6∈ π
K=?AiwgALP=?A+gRsiwfKULPUVRTi
e 6∈ V (I ∗ J)
=?UVgh=$Ai|JX?[NAOJ
V (I) ∪ V (J) = V (I ∗ J)
bu?Rs[¨LN=?AA@eKLMHtJPAL'LPR$Q;Ab[NAew[PAYJAOisLNAOf4LN=?UJ'd³HsU¥L+UJJPXgUVAi9LLPR·dTJNJPX?@A
1 6∈ π
JUViwgA
∅ = V ({1})
_dsJMLY
E = V ({e})
dTJ`JRIRTi·dsJLP=wA[NA+AªKUVJLNJ¨JRs@A
e ∈ π
|LNdTTAi4UVi9LPR%dsggRsX?i9L
dsJJRs@A'gRTiwJLNdTi9L@Rsi?RT@Ud^S.
<&R6JPX?@ X?e;ew[PRpIUfKAOf4LN=?AbAªILPAOiwfKAOfgdTSVgX?SX|J
E
dTiwf·LN=?Ab³dT[PUVRTX|J`gRsiwfKULPUVRTiwJ¨RTi
π ⊆ E
lLMHIe|AYJ¨gOd^i
Q;AUi9LPAO[Pew[PALPAOf6dTJgSVRsJPAOf6JALNJR^&JPRT@A¨ewd^[PLPUgX?Sd^[LPRse|RsSRs}THb§RT[=?Ugh=6dTi9HgSR9JAYf%JPALUVJLP=wAJPAL
V (I)
R^
gRT@@RTit¯OA[NRIAOJ`§RT['d²d^@UVSH·RT2@RTi?Rs@UVdTSVJO<=wA[NAOdTf?A[RsX?SVft=wd³TA[NAOgRT}si?UVJPAOf$LN=wdpL'AbgRT@AgSR9JA
LNR·LP=wA6fKAMwi?ULPUVRTi RTdTS}sAQ?[hd^UgJPALNJdTJ¯A[NRIAOJJPALhJRTe|RsSHIi?Rs@bUd^S2UVfKAYd^SJUVi®LP=wA6gRsi9LPAªILRTµSV}TAQw[NdTUVg
¶AORT@ALN[PHs
¤A§RT[NA`}TRsUiw}d^iIHb§X?[PLP=?AO[UViLN=?UVJfKUV[PAYgLNURsiaISALXwJdTJPbRTX?[hJAOSsAOJ2=?ALN=?A[U¥LUJ2RT[PLP=I=?UVSAKJ
µ¨JPJPX?@A
π
fKAOi?R^LNALN=?AJAL'RTgRsiITA[N}TAOi9LLPAO[P@J¨§RT[+JPRT@AbgRTiITAO[P}sAiwgA+e?[NAOfKUgd^LPA
• ⇓
<=?A
(π prime)gRTiwf?U¥LNURsi$UJLN[NdTiwJSdpLNAOf6Ui9LNRww=wAi?AOTA[
a ∗ b ⇓
KLN=?Ai
a ⇓
Rs[
b ⇓
\i4LN=?UVJewd^[PLPUgX?Sd^[[NAOdsfKUVi?}wILN=?A
a ∗ bgRTUViwgUfKAYJULP=·LN=?AewdT[NdTSSVAS&gRTi|JMLN[PXwgL
a‖b
UVisLN[PRKfKX|gAOftQ9H4¤RTXwf?RTS D oI L`RpAOTA[Y?UL¨UJ`RT[PLP=4i?RTLPUgUVi?}
LN=wdpLRTX?[
∗
Rse|AO[Nd^LPUVRTif?R9AYJ+i?RTL[PAOSHRTi dTi9HUi9LNAiwfKAYf@AOd^iwUi?}|&dsJ'²d^[dsJJPH9i9LhdpªUJgRTiwgA[Ni?AOfa6D·Rs[PA
ew[PAYgUJAOSHsnRTX?[X?iwfKAO[NJLNdTiwfKUVi?}UJLN=wdpLbLP=wA%ewdT[NdTSSVASQ|AO=wd³IURsX?[UJ[Nd^LP=?AO[d4lP£Nw¢¦LP=|d^i ewdT[LbR^LN=?A
f?AMwi?ULPUVRTiRT;LN=?UJnRTe;A[hdpLNRT[YiwJLPAYdTfTJPUViwgALN=?A
λ  gOd^SgX?SVXwJngdT[P[NUVAOJe?[NAOgUVJPASVH+LP=wAi?R^LNURsiRTlgRT@e?XKLhdpLNURsiaLN=?Abi?A Rse|AO[Nd^LPUVRTi
a ∗ b
JP=?RTX?Sf·[NAe?[NAOJPAi9L'd%i?AOgRs@e?XKLNd^LPUVRTiJNgh=?AO@bAbRpTAO[LNA[N@JOgdTSSVAOftLP=?AO[PAYdp¡LPAO[
K   ;  h ²£&
C\ALO
LP=wA%JAL
E
UJ+i?R^Lbd·[PUVi?}|LN=?A ²£ Rse|AO[Nd^LPUVRTi¦Q|AOUi?}@bUJNJUVi?}wtBIRSALXwJUVi9LP[NRKfKXwgA
a + bLNRT}sALP=wA[ULP=$LP=?Ai?A gRsiwJMLhd^i9L
0
JXwgh=$LN=wdpLLN=?A+[PAYJXwS¥LNUi?}¢F ¢s¢ hp N K  H
E
LNX?[NiwJUVisLNRdgRT@@X 
É§Á&ÊÉ¡Ë
  ¢h£¢/
	²¢ £h£` ²£ m
LhdpLNUsAX?i?ULNd^[NH[NUVi?}w&A@Q;AOfwfKUiw}
Λ
¦°§iK§Rs[P@dTSSVHT
E
gRT@ewd^[NAOJ'ULNJPASLPR4LN=?A[NUi?}·RT[NASdpLNUsAiIX?@Q;A[hJ
Z
}sAi?AO[Nd^LPAYf4Q9H4iwd^LPX?[hd^S&iIX?@Q;A[hJ
N

λ  d^Q|JMLN[NdsgLPUVRTi·Q;AUVi?}%LP=?Ab@dp]MRT[¨JRsX?[NgAR^\AªKe?[PAYJPJPUVTAiwAOJNJVdTiwfew[PRsQ?SAO@JÒ±t<=?Aewd^[PLPUgXwSVdT[¨gdsJA=?Ai
π
gRsSSVAOgLNJ`gRTiITAO[P}sAi9LLPAO[P@J¨SAYdTf?J¨iwd^LPX?[hd^SVSH6LPR6LP=wAgRsiwfKULPUVRTi
(a + b) ⇓
U¥
a ⇓
dTiwf
b ⇓
i·LN=wdpL¨gOdTJPAT;dTf?fKULPUVRTi·UJUVi9LPAO[Pe?[NALNAOf·dsJdgRsip]MX?iwgLPUVRTitdsJUVi D yOxI.+°²¤AOdT[PA
LN=wdpL`LP=?UJfKAMwi?ULPUVRTi·UJJAOiwJPUQ?SVA2U¥
a ⇑
wLP=?AOi
a + (−a)) ⇑
w=?UVSA+UL¨gOd^i$Q|AJPUV@bewSUNMwAOf$LNR
0   <=?AO[PA§RT[NATA`gOd^i?i?RTL2d^[N}TX?AXweLPRdTS}sAQ?[hd^UgAOW9XwdTSULPUVAOJO ±D·RT[NA`dTQwJMLN[NdsgLNSHspLP=?A¨=?RTSVA`gRTiwfKULPUVRTi|JnRTi
π
AªIew[PAYJPJLN=?A
²dsgLnLN=wdpL\UL\=wdTJ
LNR'Q|Ad'e?[NUV@bAdTiwfbe?[PRse|AO[UVfKAYd^S?RTwLN=?A[PUVi?}
E
  =?Ai
π = 〈0〉
UVJnLP=?AUfKAOdTSK}TAOi?A[hdpLNAOfQIH
0
^LN=?A`gRs[P[NAOJPe;RTiwfKUVi?}LPRse|RsSRs}THUJnIi?RpidTJnLP=?Ad^[NUVJPIUILPRTe;RTSVRT}sHTs=?A[NAe|RsSHIi?Rs@UVdTSVJndT[PAJPU@e?SVH4M|i?U¥LNA
JPX?@JR^aLN=?Ae?[PAOIURsXwJSVHfKAOJNg[NUVQ|AYf@RTi?Rs@UVdTSVJO
<=wUVJRTQ|JAO[PpdpLNURsiA@e?=wdsJUJPAOJLP=?A'dTfwfKU¥LNURsiwd^SlgRsiwfKULPUVRTi
A'e?XKLRsi
E
LPRQ;Ad^i ¢^P^  T£  
0 6= 1
d^iwf6LP=wA+UVfKAYd^S
〈0〉
UVJew[PUV@AT
 Xw[}sRsd^SUVi LN=?UVJdT[LNUVgSA$UJJUV@e?SHLNR®gRTSVSVAOgLbLP=wA$Q|dTJPUVgOJew[PRse|AO[LNUAYJRT`LP=wA$AªILPAi|fKAOf©gdTSVgX?SX|J
EdTiwf%LPRAi|JX?[NALP=wd^LA+dT[PAe?[NRp9UfKAYf%ULP=·db@RIf?ASa[NUVgh=$AiwRTX?}s=LPRJLPX|fKHLNA[N@ e?[NRTe;A[PLPUVAOJOK=?UVgh=$dTJ
RsX?[UVi?U¥LNUVdTSa@R^LNUpdpLNURsia  AJ=|d^SVSagRTi|gAi9LN[Nd^LPA'RTX?[hJPASVTAOJRsi$JLP[NRTi?}i?Rs[P@dTSUJPd^LPUVRTiaKgRTiK´wXwAiwgAd^iwf%§X?SVS
dTQwJLP[hdTgLNURsi%e?[NRTQwSAO@JO
BKAOgLNURsiyew[PAYJAOisLhJLP=wAgd^SgXwSXwJOKLN=?A[NAOfKXwgLPUVRTi$[PAOSVd^LPUVRTi·d^i|f%LMHIe?UVi?}]MXwfK}sA@Ai9LY2ZRTSVHIi?RT@Ud^SJd^iwf
LN=?A§AjASVA@AOisLhJ§[NRT@ dTS}sAQ?[hd[PAYW9X?U[NAOf·LPR%UVi9LPAO[Pe?[NAL`LMH9e;AOJd^[NARsQK]MAOgL¨RT2JAYgLPUVRTir?  AªILOlAJLPXwf?H
JLP[NRTiw}+i?RT[N@d^SVUVJNdpLNURsibdTiwfgRTi?´wX?Ai|gA`dTSRsi?}LP=?A¨SUVi?AOJ\R^RTX?[d^SV}TAQw[NdTUVg@RKfKAS.n<=?A`JPAOgLNURsiodTf?f?[PAYJPJPAOJ
LN=?A'§X?SVSd^Q|JMLN[NdsgLPUVRTi6e?[NRTQ?SVA@4 ¨UVJNgXwJNJPURsi6RT§X?[PLP=?AO[@dpLPLPA[hJgRsiwgSVXwfKAYJLP=?UJd^[PLPUgSVAT
  $ "!4#
'&$( $
E
<&RJPd³sAJPewdsgATKA+SVAOd^i$RTi4UVi9LP[NRIf?XwgLNURsi%§Rs[LP=?A+e?[NAOJPAi9LhdpLPUVRTi$R^&LP=?A+@d^LPA[NUd^Sad^i|f$dsf?fK[NAOJNJLP=?AfKAMwi?U LNURsiwJ
U¥LN=i?R¨§X?[PLP=?AO[AªKe?Sd^iwd^LPUVRTia<=wAAª9LNAiwf?AOfLPA[N@J°§LPAO[P@J&§RT[J=wRT[PLh±&d^[NAfKAMwi?AOfQIH'LP=?A§RTSVSRpUVi?}
}s[NdT@@dT[
e ::= x|λx.e|(ee)|0|1|e + e| − e|e ∗ e,
=wA[NA
x
[hd^iw}TAOJdb}TUVTAOi$f?AiIX?@A[hd^Q?SVA+JALR^³dT[PUd^QwSAYJ
	 
 AbTAAOetLN=?AbgX?[N[PAOisLXwJNd^}TAslQ|RTLP=§[PRs@ LN=?Ae?X?[NA
λ  gd^SgXwSXwJ¨=?AO[PAd^e?ewSUgd^LPUVRTidsJPJPRKgUdpLPAYJLNR%LN=?ASVA¡LYsdTiwf§[NRT@ LP=?A@dpLN=?A@d^LPUgd^SKJLP[NXwgLNX?[NAOJO^=?A[NARTe;A[hdpLNURsiwJ d^iwf¨dTJNJRKgUVd^LPALPRLP=?ASVA¡L2dTiwf=|dTJ
JLP[NRTiw}TA[+ew[PAYgAOf?AiwgALP=wdTi4D·Rs[PAORpTA[Y
λ  gOd^SgX?SVXwJ+Rse|AO[Nd^LPUVRTiwJ°/d^QwJLP[hdTgLPUVRTi®d^iwfdTe?e?SVUVgOdpLPUVRTi;±=wd³TAew[PAYgAOf?AiwgARpsA[[NUi?}bRTe;A[hdpLNURsiwJ+°T±\µ¨JXwJPXwd^S.
a − b
JLNdTiwf?J§Rs[
a + (−b)

itLP=?UJ¨dT[LNUVgSAs|Q;R^LN=JLP[NXwgLNX?[NAgRs=wd^Q?ULOdsJ`fKU ;AO[PAOi9L¨Sd³HTA[hJRpsA[LNA[N@Ju?RT[¨Aª?d^@e?SVAUVi
(λx.(x +
x)λy.y)
LP=?ARsXKL  @RsJL'Sd³HTAO[¨UJ+d^i¦d^e?ewSUgd^LPUVRTiaa=wUSVA 1 + λx.x UVJ+d6[PUVi?}$AªKe?[NAOJNJUVRTiµ`J+d6@dpLPLPA[+RTgRTiwJPAOW9X?AOiwgAsK@RsJLf?AMwi?ULPUVRTi|J§[PRs@RT@@XKLNd^LPUVTA+µSV}TAOQ?[NdUVSSasAAOe6UfKAi9LNUVgOd^S=?AO[PAYdp¡LPAO[O
 
A ⊆ E
UVJdTiIHJALRTLNA[N@JO
A
UVJdTi  s¢N^ &UU¥LUJQ|RTLP=·d4°²gRs@@XKLhdpLPUVTA³±2dsf?fKULPUVTA+JPX?Q?}T[NRTXwe%R^
EdTiwf·gRsi9LNd^UViwJ`ATAO[PH6e?[NRIf?XwgL
a ∗ e
=?A[NA
a ∈ A
d^iwf
e ∈ E

A
UVJ¨dJXwQ  [NUVi?}U\U¥L`UJ¨Q|RTLP=td^itdsf?fKULPUVTAJPX?Q?}s[PRsX?e·R^
E
dTiwftd^i·Xwi?U¥Lhd^[NH6@Rsi?RTUf·ULP=t[NAOJPe|AYgLLNR%e?[NRKfKXwgLO¨¶UVTAOi
S ⊆ E
;LP=wAUfKAOdTS}TAOi?A[hdpLNAOf
QIH
S
fKAOi?R^LNAOf
〈S〉
UJLN=?AJP@d^SVSAYJMLUVfKAYd^S
=?Ugh=gRsi9LNd^UViwJ
S
¸lU¥L'UVJ¨AOW9XwdTSSVH·fKAM|i?AOfdTJLN=?AbUi9LPAO[NJPAOgLPUVRTi
RTdTSSlLN=?A+UfKAOdTSVJgRTi9LNdTUi?UVi?}
S
wJPUi|gALP=?UJgRTiwJLP[NXwgLNURsi6ew[PAYJAO[PsAOJ2LP=?A+UfKAOdTSaJMLN[PX|gLPXw[PAs
  "!$#&%('*)"+
¤AYJUfKAOJ&LN=?AXwJX|d^S
β  [PAYfKXwgLPUVRTiapAUi9LP[NRKfKXwgA2LMRJPALhJR^;[PAYfKXwgLNURsi[NX?SVAOJO  ¨  9¢ P`N¢ ²£gRTiwJPUJMLUVi%SVA¡LLPRb[NU}s=sLRT[NUAOisLhdpLNURsiR^LN=?A¨X|JXwdTS|AYW9XwdpLNURsiwJ9AªKe?[NAOJNJPUi?}
(E, +, ∗)
Q;AUVi?}dgRT@@XKLhdpLNUsA`X?i?ULNdT[PH
[NUVi?}
Ê&Ê ÆPQSRTU
{   T¢h
(0+) e + 0 → e
(C+) e1 + e2 → e2 + e1
(A+) (e1 + e2) + e3 → e1 + (e2 + e3)
(I+) e1 + (−e1) → 0
(−0) −0 → 0
(−−) −(−e) → e
(−+) −(e1 + e2) → (−e1) + (−e2)
(0∗) e ∗ 0 → 0
(1∗) e ∗ 1 → e
(C∗) e1 ∗ e2 → e2 ∗ e1
(A∗) e1 ∗ (e2 ∗ e3) → e1 ∗ (e2 ∗ e3)
(D) e ∗ (e1 + e2) → e ∗ e1 + e ∗ e2
(∗−) e1 ∗ (−e2) → −(e1 ∗ e2)
<=wAJALR^d^SV}TAQw[NdTUVg[PAYfKXwgLPUVRTiwJ'UJfKAOi?R^LNAOf
ALG
6<=?Ai?R^LhdpLNURsi
e →alg e
′
USVS\Q;AXwJPAOf§RT[+LN=?A
[NA´|AªKUsAdTiwf6LP[hd^iwJPULPUVTA'gSVRsJPX?[PA'RTLP=wUVJJPALRT&[NAOfKX|gLPUVRTi|J
<=wAJPAOgRTiwfJPALR^&[PAYfKXwgLNURsi%[NX?SVAOJO9fKAOi?R^LNAOf
HOM
gOd^eKLNX?[PAYJLP=?A=?RT@Rs@bRs[Pew=?UVg`iwdpLNX?[NA`R^
• 7→ (•c)dTiwf%LP=?A'²dsgLLP=|dpL
0
d^iwf
1
d^[NA¨RpsA[NSR9dTfKAYfdTJgRTiwJLNdTi9L§XwiwgLNURsiwJUVi%LN=?AgRsisLNAªILR^
λ  gdTSVgX?SVXwJ

(∗ app) (a ∗ bc) → (ac) ∗ (bc)
(+ app) (a + bc) → (ac) + (bc)
(− app) (−ac) → −(ac)
(1 app) (1c) → 1
(0 app) (0c) → 0
BKR+²d^[2§RT[\LN=?A[NAOfKX|gLPUVRTi[NX?SVAOJO  ASVAL

JLNdTiwf?J\§RT[2QwUiwdT[PHb[NASdpLPUVRTi=?Ugh=UJnLN=?ALN[NdTiwJULPUVTAgSR9JXw[PA
RT&LN=?A'e?[NA  gRTiw}T[NX?AiwgA¨QwX?USLRTi4d^SVSLN=?Ad^Q;RpTA[PAYfKXwgLPUVRTi$[PAOSVd^LPUVRTiwJO
   ¾2¾ ² ¾
	¾  º  º?¢$N¢  ²£

¢£ K h£ w¢7h¢£p·p ¡ 
e, e1, e2 ∈ E 
?¢;¢	p¢
¢
 e1

e  e2
?¢P¢b¢ F 
e3
  ?
e1  e3

e2  e3 
   ¾a¾ "!\d^[NUVdTisLRTLP=wA+XwJX|d^S<
d^UL  Dtd^[PLPUVi6_$#^@ALP=wRIfawd^SVRTi?}LP=wA+AªKe?Sd^iwd^LPUVRTiwJ}TUVTAOi6UVi D yYxKI  
<=wUVJe?[NRTe;A[PLMHUVSSaQ;AfKUJPgXwJNJAYf6dTSVJPRdpLLP=?A+AOiwf$R^JAYgLPUVRTi4o?
&% ')( +  # '+* #-,/. +10
)  % #&+2.43  '53 "63 
¶UVTAOi·dfKAiIX?@A[hd^QwSA+JPAL879;:-<	
RTLMH9e;A+pd^[NUVdTQ?SVAOJOK[NdTi?}TAYf%RpsA[QIH
t
wdTiwf6LP=?ALMH9e;AgRTiwJLNdTisL
ω
?A
f?AMwi?A'LN=?AJPAL=79>:-<RTLMHIe;AOJ
σ
}TAOi?A[hdpLNAOfQIH%LP=?A'§RsSSVRpUiw}}s[NdT@b@dT[
σ ::= ω|t|σ ∧ σ|σ → σ
É§Á&ÊÉ¡Ë
  ¢h£¢/
	²¢ £h£` ²£ G
<=wAJAL/79;:-<UJe?[PRpIUfKAOf6ULP=$LP=?A+ew[PAORT[hfKA[
6
ew[PAYJAOisLNAOf$dTJLP=wAJ@d^SVSVAOJLQ?UViwdT[PH[NASdpLNURsi$JPXwgh=6LP=wd^L
U.
6
UJQ;R^LP=4[NA´wAªKUsA'dTiwf%LP[hd^iwJPU¥LNUsAT¸
UU.
σ ∧ τ 6 ρ
U 
σ 6 ρ
dTiwf
τ 6 ρ
¸
UVUU.§RT[dTSSlLMHIe;A
σ

σ 6 ω
¸
Ul
σ′ 6 σ
dTiwf
τ 6 τ ′
UV@e?SH
σ → τ 6 σ′ → τ ′
¸
l
σ → ω 6 ω → ω
¸
9U.
(σ → τ) ∧ (σ → ρ) 6 σ → (τ ∧ ρ)

<=wA[NX?SVA4°²?±`UJRs[LN=ti?RTLPUgUVi?}w LUJ'i?R^L+d6ewd^[PLPUgX?Sd^[UViwJMLhd^iwgART[NX?SVAUVUU¡± L+=wdTJQ;AAiUi9LN[PRKfKXwgAOf
UVi D o I\§RT[LP=?AJLP[NUVgLgdTSVgX?SX|J  ALhd^TAbLN=?UVJ[PAOSVd^LPUVRTi¦Ui9LPRtdsggRTX?i9L+UiLN=?UJd^[PLPUgSVA§RT[+AªIew[PAYJPJPUiw}6LN=?A
UfKAYd+LP=|dpL
ω → ω
[NALNdTUi|JnLP=wA ¢hKl@²¢SN¢£   £p²£4LN=wdpLA`gRsX?SVf}TAL§RT[d'LPAO[P@4¸9LMHIe|AYfULP=?UVi
ωRTLP=?AO[PUJPAT
iR^LN=?A[Rs[NfwJsSAL
=
JLNd^i|f?Jn§Rs[2LN=?A¨JPHI@b@ALP[NUVg`gSR9JXw[PART
6
<=wAi
σ 6= ω
U 
σ 6 ω → ω

 ' ,/. %)4* 63&) ! 
<=wAtfKAOJPU}si¬RT`LN=?A·Ui?§A[NAiwgA·[PX?SVAOJUJd^i UV@e|Rs[Lhd^i9L@d^LLNA[Y i¬LN=?UJd^[PLPUgSVATA$LNdTTA$LP=wA·e|RsUi9LR^
IUVA LN=wdpL4d^iIH LMHIe;AJP=?RTXwSVf Q;AUVi9LPAO[Pe?[NALNAOf dsJ%d JPAL$R^+LNA[N@J6=?Ugh= UJUVi9pdT[PUd^i9L%X?i|fKA[4d^SV}TAOQ?[NdTUVg
gRT@e?XKLhdpLNURsiwJn<=IXwJO?dLMHIe;A'UVJ@AOdTi9LLNRQ|A+d^i4dTfwfKU¥LNUsAJPX?Q  }T[NRTXwea
µ¨J§RT[LN=?A'@X?SLPUVe?SVUVgOdpLPUVRTiK}TUVTAi
a
R^
LMHIe|A
σ
wdTiwf
e
d^iIHLNA[N@4?A'AªIe;AOgL
e ∗ a
LPRQ|AR^LMHIe;A
σ
LPRIRw\<=?AO[PA§RT[NAT?dbLMHIe;A+UVJ@AOdTi9LLPRQ;A
dTi4UVfKAYd^S.<=wUVJ`UVJLhd^sAi4Ui9LNR%dTgOgRTXwisLQIH$[PX?SVAOJ
(R . . . .)
BIRLN=?AgRTiwJLNdTisL
0
Q;ASVRTiw}sJLNR%d^iIHLMHIe;AT¤XKL
1
Q;ASVRTi?}9JLPRbi?RTi?AsKAª?gAOeKL
ω
¸IdsJPJPX?@UVi?}RTLP=?AO[PUJPA¨RTX?SfSVAOdsfLNR
e ∗ 1 ∈ σ
§Rs[dTSS
e
?dTJJPR9Rsi6dsJ
1 ∈ σ

L`AiwgAT
e ∈ σ
wJPUViwgALMHIe|AYJd^[NA'd^SJRAªKe;AOgLPAOf6LNRbQ;AJLNd^QwSA'QIH%[NAOfKX|gLPUVRTi
 R^LNUVgAd^SJRLN=wdpL`A=wd³sA'[PAYJMLN[PUgLNAOf6LP=?A[PX?SVA
(ω)
UitJPXwgh=tdd³H§[NAA+pd^[NUVdTQ?SVAOJRT&LNA[N@
e
@XwJL`Q;A
f?AOgSd^[NAOfUi6LP=?A+gRTi9LPAª9L
∆
§RT[LN=?A2]MX|fK}TAO@bAOi9L
∆ ` e : ω
LNRQ;A+d^SVSRpAOf<=?AR^LN=?A[[NX?SAYJdT[PA¨LP=wA¨XwJPXwdTS
Rsi?AOJO
(Hyp)
∆ ` (x : σ) ∈ ∆
∆ ` x : σ
(→ I)
∆, x : σ ` e : τ
∆ ` λx.e : σ → τ
(→ E)
∆ ` a : σ → τ∆ ` b : σ
∆ ` (ab) : τ
(Tω)
∆ `
∆ ` e : ω
FV(e) ⊆ FV(∆)
(T 6)
∆ ` e : σσ 6 σ′
∆ ` e : σ′
(R0)
∆ `
∆ ` 0 : σ
(R−)
∆ ` a : σ
∆ ` −a : σ
(R+)
∆ ` a : σ∆ ` b : σ
∆ ` a + b : σ
(R∗)
∆ ` a : σ∆ ` b : τ
∆ ` a ∗ b : σ
(T∧)
∆ ` e : σ∆ ` e : τ
∆ ` e : σ ∧ τ
Ê&Ê ÆPQSRTU
E   T¢h
µ¨J2X|JXwdTS/9A[PULPA
∆ ` e : ρ
ULP=?AO[PA¨AªKUVJLNJde?[NRIR^Ai|fKUiw}ULP=LN=?UVJ]MXwfK}sA@Ai9Ld^SVRTi?}+LN=?A`SVUVi?AOJR^
LN=?A`dTQ|RpsAUiK§AO[PAOiwgA¨JHKJLPA@4µ`JNJXw@bUVi?}+LN=?ASdTJL2[NX?SAdTe?e?SVUAYfUVJ2i?AULP=wA[¨°/<
∧
±°²<
6
±iwRT[`°/<
ω
±9Aª?dTgLPSVH
Rsi?AUViK§AO[PAOiwgA[PX?SVAdTe?e?SVUAYJlfKAOe|AOiwfKUVi?}6Rsi·LP=wAbJLP[NXwgLNX?[NAR^\LNA[N@
e
_aALXwJfKAMwi?A
∆ `s e : ρ
§Rs[dTiIH
f?A[NUpdpLNURsi6=wUVgh=$AiwfwJU¥LN=·dbJLP[NXwgLPX?[hd^S[NX?SVAT
   ¾2¾ ² ¾ "	 O&T&³ *~  !* » ² 

 ?¢;¢	p¢ ∆ ` e : ρ  ?¢ ∃n, ρ1 . . . ρn   ? ρ1 ∧ . . . ∧ ρn 6 ρ  ∀i.∆ `s e : ρi  
 ∆ `s 0 : ρ
^  2 K
  
 ∆ `s x : ρ
 
(x : ρ) ∈ ∆  	
 ∆ `s λx.e : ρ
 
ρ = σ → τ

∆, x : σ ` e : τ
£pO£¢
σ, τ 	
 ∆ `s (ab) : ρ
 
∆ ` a : σ → ρ

∆ ` b : σ
£p(£¢
σ 	
 ∆ `s a + b : ρ
 
∆ ` a : ρ

∆ ` b : ρ 	 
 ∆ `s −a : ρ
 
∆ ` a : ρ 	  
 ∆ `s a ∗ b : ρ
 
∆ ` a : ρ
£p
∆ ` b : ρ 
   ¾a¾ <=?AJPAiwJPUQwSA+ewdT[LUJe;RTUVisLU¡±=?Ugh=4dTgLNXwd^SVSVH%[NASVUAYJRTi·JRsSIUVi?}LP=?A+LMHIe;AOJUVi?AYWsX|d^SVU¥LNUAYJ
γ ∧ δ 6
ρ → τ
dTiwf®° ∧n
i=1 γi → δi) 6 ρ → τ
  A=?UVf?A+LP=?AfKALhd^UVSVJ`=?UVgh=·fKAOTAOSRse4LP=?AO@JPASVTAYJdTJXwJX|d^SUVi4LP=wA
gRTi9LPAªILRT&LY dw JOV

º     	 	6º ¿ 
^ ¾ 	
∆ ` e : σ

e  e′
?¢
∆ ` e′ : σ 

  +(¬ !( 
E
ibµSV}TAOQ?[NdTUVg¶ART@ALP[NHTsldT[PUJIU9JALNJd^[NA2fKAMwi?AOfdTJ
JALNJ
R^wgRT@@RTi¯A[NRIAOJa§RT[d²dT@bUVSVHRTwe;RTSVH9iwRT@UVdTSVJO
i LP=?A·gX?[P[NAi9LgRTi9LNAªILO\A%=|d³TA%Q;R^LN= LNR¦f?AMwi?A4d^i©d^e?ew[PRse?[PUdpLNAi?RTLPUVRTi RT`e;RTSVH9iwRT@UVdTS
P (X)
2dTiwf
ew[PRpIUfKAdsggRT[hfKUiw}TSVHd@AYd^i?UVi?}bLPRLN=?A+[PAOSVd^LPUVRTi
P (e) = 0

%   ' , ) ' % 0 +
itLP=?AUi9LP[NRKfKXwgLPUVRTia|AbJPd³ LP=?AU@e;RT[PLNdTiwgART2d^e?ewSUgd^LPUVTA'LPAO[P@J
(eū)
`µSLP=?RsX?}T=TA[NH%ASVS
9iwRpia
ZndT[PUV}TRTL JnJMLN[PRsi?}+i?RT[N@d^SVU¯YdpLNURsie?[NRIR^R^lLN=?A
λµ  gOd^SgX?SVXwJ D yYmKI|UViRTX?[\XwiwfKA[hJLNd^i|fKUiw}+R^lLP=?A¨U@e;RT[PLNdTiwgART\JALNJRT\JAYWsXwAiwgAOJRTnLPA[N@JM§Rs[LP=wAe?X?[Ne|R9JAR^nQ?X?UVSVf?Ui?}%RTX?[`LPRTe;RTSVRT}sHT_d^LPA[`[PA§A[NAiwgAOJQ;R^LN=tQwdTJPAOf
Rsi%LN=?UJUVf?AOdd^[NA D K|qId^@Rsi?}@dTiIHR^LN=?A[hJ
_AL
E
<ω
JLNdTiwf?J\§RT[\LN=?A¨JPALR^@Mwi?ULPAJAYWsXwAiwgAOJ
ē
R^ASVA@AOisLhJ2RT
E
9AªILPAi|fKAOfULP=%di?A JPHI@Q;RTS
0

iwR^LLPRQ;A'gRTi?§XwJAYfULP=%LP=?AA@eKLMHJPAOW9X?AOiwgAs ¨AM|i?AdsJ
ΣE
LN=?A`§[NAAgRs@b@XKLNd^LPUVTA¨@bRsi?RTUf}sAi?AO[Nd^LPAOf
QIH
E
<ω
`uwRT[
X
§[PAYJ=·pd^[NUd^Q?SVATlfKAM|i?A
X0 ≡ 1

X ē ≡ (Xē)
dTiwf
X p̄+q̄ ≡ X p̄ ∗ X q̄
|§RT[
p, q ∈ ΣE
¨µ
LNA[N@
e∗Xp
T=?A[NA
e ∈ E
dTiwf
p ∈ ΣE
pUVJgdTSSVAOfd@RTiwRT@UVdTSsULP=bgRIA gUAOisL
e ∈ E

<=wAfKAO}T[NAA
do(Xp)RTLP=?A@bRsi?RT@Ud^S
Xp
UJ`fKAMwi?AYf4Q9H
do(X0) = 0

do(X ē) = 1
dTiwf
do(Xp+q) = do(Xp) + do(Xq)
<&R
sAAOe$gRTiwJPUVJLPAOi9LULP=$LN=?A+XwJPXwd^SlLNA[N@JOwdTi¢ ¢¢p  ¢KRs[LPAYJML§Rs[J=?Rs[LYKUVJdb@RTiwRT@UVdTS
Xp
ULP=
dop = 1
d^iwf$d$   ;¢hp £p UVJd
Mwi?ULPAJPX?@ ∑
i ei ∗ X
pi
=?AO[PA
dopi 6 1

µ¨JX|JXwdTS/\de|RsSHIi?Rs@UVdTSUJfKAMwiwAOf dsJd¦JXw@ RT`@RTi?Rs@UVdTSVJO<=?A4JPALRT`e;RTSVH9iwRT@UVdTSVJRpTAO[
E
UJ
f?AMwi?AYfdTJ
E[X ]
d^i|f[hd^iw}TAOfRpTAO[Q9HSALLNA[hJ
P, Q, . . .
¶UsAi
P, Q ∈ E[X ]

P +Q
d^i|f
P ∗Q
d^[NAfKAM|i?AOf
LN=?A+XwJPXwd^Sd³HTILN=IXwJe?[NRp9UfKUVi?}
E[X ]
U¥LN=4dgRT@@XKLhdpLNUsAXwi?U¥Lhd^[NH[NUi?}JLP[NXwgLNX?[NAT
¶UVTAOi¦d4JPALBR^e|RsSHIi?Rs@UVdTSVJOLP=wAUVfKAYd^S\}sAi?AO[Nd^LPAYftQIH
S
[PULLNAi
〈S〉
UJ'LP=wAJAL'RTe;RTSVHIi?RT@Ud^SJ
∑
Ti ∗ Pi
wfKAMwi?AOf4dsJ Mwi?ULPAJPX?@J=?A[NA'AOdTgh=
Pi ∈ S

É§Á&ÊÉ¡Ë
  ¢h£¢/
	²¢ £h£` ²£ q
% &%   63&' + '5*  ' , ) ' % 0 +
 
ab = 0
UV@bewSUVAOJ
a = 0
RT[
b = 0
KLP=wA[PUVi?}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(aū) ∈ π
LP=?AOi
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ū ∈ R̄
©<=?UVJbUfKAOdTSUVJbASVS
f?AMwi?AYf·d^iwf4ew[PRse|AO[OwgRTX?Sf4Q;Ae?[NU@AdsJAOSS.wQwXKL¨UJi?RTL`}TX|d^[hd^i9LPAOAOf%LPR%JNdpLNUVJ§HLN=?A+§RT[N@A[`JNdpLNX?[hdpLPUVRTi
ew[PRse|AO[LNUAYJ  ALhd^TA§RT[
π
JPRT@Ab@d^ªKU@d^S
UfKAOdTS&=?Ugh=UViwgSXwf?AOJ
π0
d^i|fd³TRsUVf$LN=?Ab@X?SLPUVe?SVUVgOdpLPUVTAJPAL
{1}
<=?UJUfKAOdTSAªKUVJLNJdsJd}TAOi?A[hd^Sl[NAOJPX?S¥LRT
µQ|JMLN[NdsgL`µSV}TAOQ?[hd?D·RT[NARpsA[Y
º     ?¢4 T¢hp 
π
 l ¢b'lP£Nw¢
R
	  T¢h^  H    ¢O?¢(KN²£ h£ ²£

   ¾a¾ 
π
UVJ@d^ªIUV@d^SI=?AOiwgAe?[NU@As
1 6∈ π
QIHgRsiwJMLN[PX|gLPUVRTi 
π
UJe?[NRTe;A[Y&_ALnXwJgRsiwJUfKAO[&LN=?AgRsiwfKULPUVRTi
(sat πβ). Takea ∈ R
JPXwgh=bLP=wd^L
(e[a/x]ū) ∈ π
& 
(λx.eaū) 6∈ π
9JPUi|gA
π
UVJ\@d^ªKU@d^S.pLN=?A[NAAªKUJMLhJ
p ∈ πdTiwf
b ∈ R
JPXwgh=LP=wd^L
1 = (λx.eaū)∗ b+p

¤XKLLP=?AOi
1 = (e[a/x]ū)∗ b+p ∈ π
=?Ugh=UVJd^Q|JX?[hf  LP=?AO[
gOdTJPAOJd^[NA+JUV@USd^[Y

   ¾2¾ ² ¾  
∆ ` e : σ
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
e ∈ R 
w¢@h¢
e
 
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   ¾a¾ u&UV[hJML
[σ] ⊆ π
UJd^SVd³HKJLN[PX?AUitLP=wd^L'gOdTJPAT`¤H$e?[PRse|R9JULPUVRTimK;A}TAL
e([∆]) ⊆ [σ] ⊆ π ⊆ R

 AgdTi$gh=wAOgh%dTSVJPRLN=wdpL
π0 ⊆ [σ]
=?Ugh=$@bAYd^iwJLN=wdpLAOTAO[PH
[σ] has variables
\<=IXwJ
e ∈ R
dTJASVS.

  $6# 
	$(a
\& 	 
i LP=?UJJPAOgLPUVRTiaA%d^[NA%gRTiwgA[Ni?AOf¦ULP= ew[PRs}T[hd^@J&=?Ugh=®@bAYd^iwJLP=|dpLA%UVi9LPA[Ne?[NALRsX?[gOd^SgX?SVXwJUi
LN=?AJPAL
E
0 R^\gSVRsJPAOf6LNA[N@JO SAYd^[NSHs
E
0 UJd[NUi?}|¸wJPRA'Lhd^TA R ≡ E0 µgOgRT[hfKUVi?}bLPR%JPRT@A+AO³dTSX|dpLPUVRTi@AYgh=wd^i?UJP@$
AAªKe|AYgLew[PRs}T[hd^@J¨LPR·Q;AApd^SVXwd^LPAOf¦LNR·pd^SVX?AOJO$uwRTSVSRpUVi?}$LP=wA%gSdTJNJUgdTS\d^e?ew[PR9dTgh=aaA
@d³H%f?AMwi?A'LN=?AJPAL
π0 ⊆ R
R^ 	³^  w¢+dsggRT[hfKUiw}LNRLN=?A+}T[hd^@@d^[
v ::= λx.e|e ∗ v|v ∗ e| − v|v + v|0
QwXKLUL+J=?RsX?Sf·Q|AgSVAOdT[LN=wdpL
π0
UVJ'fKAMwi?AYf·AOW9X?UVpd^SVAi9LPSVH·dTJ`LP=?AbUVf?AOd^S
}TAOi?A[hdpLNAOf4QIH4LP=wAJPAL'R^`°²gSR9JAYfw±
λ  d^QwJLP[hdTgLPUVRTiwJO
Ê&Ê ÆPQSRTU
y³r   T¢h
 Ai?RpfKAMwi?ALP=?AAOpd^SVXwdpLNURsitR^e?[PRs}T[hd^@JX|JUVi?}4i?R^LhdpLNURsi
e ⇓ v
UVJ'JPXwgh=¦d6d³H6LN=wdpLJNdpLNX?[Nd^LPUVRTi
gRTiwf?U¥LNURsiwJd^[NA+dTgLNXwd^SVSVHewd^[PLR^&LP=?AfKAMwi?ULPUVRTi4R^
π

(Value)
v ∈ π0
v ⇓ v
(App−λ)
(e[a/x]ŭ) ⇓ v
(λx.eaū) ⇓ v
(App−0)
(0ū) ∈ R
(0ū) ⇓ 0
(App−+)
(aū) + (bū) ⇓ v
(a + bū) ⇓ v
(App−−)
−(aū) ⇓ v
(−aū) ⇓ v
(App−∗)
(aū) ⇓ v(bū) ∈ R
(a ∗ bū) ⇓ v
dTiwf6LP=?AJPHI@@bALP[NUVg'gOdTJPA
 AJNd³HLN=wdpLLN=?Aew[PRs}T[hd^@
e
?K 	pp  w¢Rs[
h£	p¢ s¢TlfKAiwR^LPAYf
e ⇓
wUnLP=?AO[PAAªKUVJLNJ
v ∈ π0
JPXwgh=4LP=|dpL
e ⇓ v
dTggRT[hfKUVi?}%LNR·LP=wAe?[NAIURsXwJ'[NX?SAYJ  LP=?AO[PUJPATaLN=?Ae?[NRT}s[NdT@
e
 	³¢ 9¢T
e ⇑
§Rs[J=wRT[PLO6_ALXwJ
iwR^LPUgALN=wdpL
1
UJQ|RTLP=·gSVRsJPAOf$d^i|f6fKUVTAO[P}sAi9LdTggRT[hfKUVi?}LNRbLP=?AYJAfKAMwi?ULPUVRTiwJO
º      &¢
π ≡ {e ∈ R|∃v ∈ π0.e ⇓ v} 
?¢
π
 l ¢lP£Nw¢4 T¢hp £ 
R 
   ¾2¾ ² ¾"	¾ ;º  ;º  º 
∀e ∈ R ` e : ω → ω
 
e ∈ π iff e ⇓
°yY±
   ¾a¾ Z\[PRse|R9JULPUVRTi mte?[NRp9UfKAYJ'LP=?A6i?AOgAOJNJPdT[PH¦gRsiwfKULPUVRTia¦<Re?[PRpsALP=?A$gRsiwfKULPUVRTi UJJPXgUVAi9LY
A
ew[PRKgAOAOf QIH©Uiwf?XwgLNURsi RTi LN=?AAO³dTSX|dpLPUVRTi [NX?SVAOJO¸dsJ§Rs[LP=wAQwdsJAgOdTJPATQIH©Uiwf?XwgLNURsi JMLN[PX|gLPXw[NdTSRTi
pdTSX?AYJ

  )0)"')"% !0  (  )*#&+
<=wA`}TAOi?A[NUg@RIf?ASlJ=?RpJ\LP=?A
[σ] = V (I)
§RT[JPRT@AUfKAOdTS|n=?Ugh=UJ2}sAi?AO[Nd^LPAYfQ9HAOSAO@bAOi9LNd^[NHLPAOJLNJOnµ
ew[PUVRT[NU/
I
UJ`iwR^LMwiwU¥LNASVH$}sAi?AO[Nd^LPAYf|fKXwALPR%LP=?AUi9LNA[Ne?[PALNd^LPUVRTi4R^nLN=?AdT[P[NRp LMHIe;AT`uwRTSVSRpUVi?} D y^l{I&A
SVRIRT§Rs[d²d^@USVH
(eσ,∇σ)σ∈ 
	
K=wA[NA
eσ ∈ R
d^iwf
∇σ ∈ R[X ]
?JPXwgh=%LN=wdpL

` eσ : τ
U
σ 6 τ
¸

∀e ∈ R.∇σ(e) ⇓
U 
` e : σ

<=wAOJPALMR4gRTi|fKU¥LNURsiwJ'AªKe?[NAOJNJ¨LP=?A²dsgL'LP=|dpL+Q|RTLP=®JPALNJ'RT[NX?SVAOJ'=?Ugh=RKgOgX?[+RsitLP=wAJHIi9LNdsgLPUgdTSnJUfKA
°
σ 6 τ
d^iwf
e : σ
[NAOJPe|AYgLNUsASVHK±d^[NA·AªKe?[NAOJNJUVQ?SVA·Ui LN=?AgdTSVgX?SVXwJULNJPASM µ`J²d^[%dsJ%gRsiITA[N}TAOiwgA$UJ
gRTiwgA[Ni?AOfaKA ;¢h¢6d^SJRbLPR[NAe?[NAOJPAi9LLP=?A+ew[PAYfKUVgOdpLNA
e ⇓

_ALaXwJ=wd³TAndgSR9JAO[SRIRs¨dpL&e?[PRse|AO[LMH` L
dTJNJAO[LhJ;LP=?A\AªKUVJLPAOiwgA\RT
∇ω→ω(X)
JXwgh='LN=wdpL
∇ω→ω(e) ⇓U 
` e : ω → ω
  A+=|d³TA¨dTS[NAOdsfKH
π = V (〈X〉)
wd^i|fLN=?ALPAOJL
X
JP=?RTXwSVf6Q|A+JPXgUVAi9L§RT[LP=wUVJewX?[Pe;RsJPAT
µgLPXwdTSSVHTKA'i?AAYf4dQwU¥L@RT[NAT?JPUi|gA'AOdsgh=
∇σ
gOd^[N[PUVAOJd^SJPRLN=?A'e?[NRTe;A[PLMHU
∇σ(e) ⇓
LP=?AOi
∇σ(e) ⇒ I

=wA[NA
I
UVJLN=?A+UfKAi9LPULMH6gRT@Q?Ui|dpLPRs[O
É§Á&ÊÉ¡Ë
  ¢h£¢/
	²¢ £h£` ²£ y/
µ¨JPJPX?@ALP=?A+AªKUVJLPAOiwgA'R^
∇(X) ∈ R[X ]
JPXwgh=6LP=wd^L
∇(•)
UJdb[PUVi?}=?Rs@bRs@RT[Ne?=?UJ@
: E → R with kernelπ
°.rT±
∀e ∈ R ∇(e) ⇓ iff ` e : π
°s±
<=wAi4A+fKAMwi?A'LN=?A+ASVA@Ai9LhJ
(eσ ,∇σ)
QIH%UViwfKXwgLPUVRTi4RTi
σ
dsJ
• eω ≡ 1
d^i|f
∇ω(X) ≡ I
¸
• eσ→τ ≡ λx.(∇σ(x)eτ )
d^iwf
∇σ→τ (X) ≡ ∇(X) + ∇τ (Xeσ)
¸
• eσ∧τ ≡ eσ ∗ eτ
d^i|f
∇σ∧τ (X) ≡ ∇σ(X) + ∇τ (X) − I

   ¾2¾ ² ¾  w¢ 
¡ 
(eσ ,∇σ)σ∈ 
   ¢4h£ ²£  	 

   ¾a¾ u?RsSSVRpJ D yOxKI Ie?[NRp9UVi?}+LN=?A@bRs[PA`e?[PAYgUJAgRsiwfKULPUVRTi°² Ò±2JLNd^LPUVi?}
` ∇σ(e) : τ → γ → δ
U 
σ 6 τdTiwf
γ 6 δ


   ¾2¾ ² ¾	 	¾   * º  º;
º O  &£pp ¡ 
∆  σ

e ∈ E
 2 w
FV(e) ⊆ FV(∆)  ∆ ` e : σ
 
e([∆]) ⊆ [σ] 

⇒
P¢ K  5£^( w¢
Yl ¢
(R, π)
    2?¢%h£ ²£ £ O?¢ 9¢l¢
£ s¢ 

?¢ h£	p¢S¢
wp  ;P£	³¢

£@N¢b 9 

K( 
 
<&Rpd^[hf?J§X?SVSd^QwJLP[hdTgLPUVRTia9A¨[PAYJMLN[PUgLRTX?[hJAOSsAOJ\LPRde?[NAOgUJPA`i?RTLPUVRTiRTRTQwJPA[NpdpLNURsigRTi9LNAªILOn¶UsAi
e ∈ E
ULP=
FV(e) ≡ {x1, . . . , xn}
^d`pd^SVUVf'LNAOJL&§Rs[
e
UJ&dTiIH'gRTi9LPAªIL
C[] ≡ P ([](s))
=?AO[PA
P (X) ∈ R[X ]dTiwf
s
JPX?QwJLPULPXKLNURsi¦JPXwgh=·LN=wdpL
s(xi) ∈ R
§RT[AOdsgh=
i = 1, . . . , n
<=?Agh=?RsJPAifKAMwiwU¥LNURsit§RT[¨LPAYJMLhJ@d³H
JPAAO@@RT[NA[PAYJMLN[PUgLNUsATaQwXKLULUVJdTS[NAOdsfKHtIi?RpiLP=wd^LLP=wAOJPAgRTi9LNAªILNJ+dT[PAdTgLPXwdTSSVHJPXgUVAi9L%°/JAOA§RT[
Aª?d^@e?SVA¨LN=?AfKALNd^UVSVAOf$e?[NR9RT²JR^ D oI§±_aALXwJ`fKAMwiwA+RTi
E
LN=?A+e?[NA  RT[hfKA[hJ
 »  K * ² »
a vT b
U t§RT[dTSS
∆, σ ∆ ` a : σ
UV@e?SUVAOJ
∆ ` b : σ
¸

 º   K ¾
a vO b
U
C[a] ⇓
U@e?SVUVAOJ
C[b] ⇓
§RT[d^iIHpdTSUf6LPAOJL
C[]

_AL
Γ ` s : ∆
§RT[
Γ ` s(x) : σ
§Rs[d^SVS
(x : σ) ∈ ∆
\<=?Ai
º     	   ?O º 
Γ ` e(s) : σ 
 w¢
∃∆.Γ ` s : ∆

∆ ` e : σ 
   ¾a¾ ¤H%Uiwf?XwgLNURsi$Rsi$LP=?AfKAO[PUVpdpLNURsiLP[NAA
Γ ` e(s) : σ


 &ºI¾  º   	 * *KO³w^ ¾ 
vT =vO 
   ¾a¾  
∆ ` a : σ
d^iwf
∆ 0 b : σ
A$J=wRp LP=?A$LPAYJML
C[] = ∇σ([]s∆)
=?AO[PA
s∆
UVJfKAMwi?AOf QIH
sΓ,x:τ ≡ sΓ, eτ
nJAOewd^[hdpLNAOJ
a
dTiwf
b

C[a] ⇓
dTiwf
C[b] ⇑
 RTiITAO[NJPASVHT&LP=?A6e?[NR9RTUVJQ9H¦UViwfKXwgLPUVRTi Rsi
P ::= e|(Xū)|P ∗ P |P + P
XwJPUiw}6gRs@e?SALPAOi?AOJNJ¨dTiwf4LN=?A²dsgL
[ω → ω] = π
UJ¨d%e?[NU@AUfKAYd^Sd^iwf4LN=?A
ew[PAO9UVRTX|J°²ZndTJLPAY±SVA@@d?

Ê&Ê ÆPQSRTU
yOo   T¢h
·¾  º  i D o?
yOxKI lgd^SVS  QIH  pdTSX?A+UJUVi9LP[NRKfKXwgAYf4UitLP=?AbJHIi9LNd^ªlµ`S¥LN=?RTX?}s=4§RT[fKUlA[NAi9Le?X?[Ne|R9JAYJwLP=?UJUJ[NAOW9X?UV[PAYf$Ui·Q;R^LN=tgdTJPAOJUVi·RT[hfKAO[LPRAOJLNdTQ?SVUVJP=4§X?SVS&d^Q|JMLN[NdsgLPUVRTi$[NAOJPX?S¥LhJ<=?AfKAOSVd³HsAOf6Ui9LN[PRKfKXwgLPUVRTi4R^
LN=?AASVA@AOisL
∇ ∈ R[X ]
dTiwfLP=IXwJ+UVi
E
dsJ+d4@dpLLNA[RTgRTiwJPAOW9X?AOiwgAsUJ'i?R^LUVi9LPAi|fKAOf¦LNR4dT[P}sX?AbLP=wd^L
JPXwgh= d$§AYdpLPXw[PAUJ+XwJPASVAOJNJO  A[hdpLN=?A[AªKe|AYgLLNRt}TALdtgSVRsJPA[+SVRIRTdpL+LP=wA%e?[NAOgUVJPA@AOgh=wdTi?UVJP@=wUVgh=
UJ[NAOW9X?UV[NAOf6LPRpd^[hf6LP=?UJ[NAOJPX?SLOi4²dTgLO
∇(a) + b
AªKe?[PAYJPJPAOJLP=?A[NAOW9X?UV[NA@Ai9LLP=|dpLgRT@e?XKLhdpLNURsiwJR^
agRTiITAO[P}sAOJOT=?UVSVAULfKUsA[N}TAYJ2RTLP=?AO[PUJAsI=?UVgh=wATAO[2LN=?A+gRs@bewXKLNd^LPUVRTi%RT
b
  i?A'gRsX?SVf%=wd³TA¨Ui9LN[PRKfKXwgAOf
dTi?R^LN=?A[RTe;A[hdpLNRT[dTJ¨AOSS `JNd³H
∇′(e)
[NAOf?XwgUVi?}LNR
I
UViJPe?ULPAbR^
0
+<=?AOi
(∇′(a)b)
RsX?SVftAªKe?[NAOJNJLN=?A
²dsgLLP=?A+gRT@e?XKLhdpLPUVRTi|JdT[PA¨@dTfKAUi ¢ w¢7h¢sn<=?A¨SdpLPLPAO[=|dTJLP=?A+JNd^@A`Rse|AO[Nd^LPUVRTiwdTS|Q;A=|d³9UVRTXw[dsJ2LN=?A
gRTiwJLP[NXwgL
seq(a; b)
e?[NAOJPAi9LPAYf·UVi D mI µ¨J¨²d^[+dTJi?R4JUfKAbA lAOgL'UJ'dTf?f?AOf·LNR%LN=?Ag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